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Abstract. We utilize undetermined coefficient method and an iterative method to con¬ 
struct the series solutions of the 3D Cauchy problem for a class of incompressible Navier- 
Stokes and Euler Equations. Then we can turn the Navier-Stokes Equations (Euler Equa¬ 
tions) into the Cauchy problem for finitely (infinitely) many ordinary differential equa¬ 
tions. We get the finite series solution of the Navier-Stokes Equations. By using some 
combinatorial identities techniques, we prove that the sum of the solutions to these or¬ 
dinary differential equations is an infinite series solution of the Euler Equations in some 
cases. 
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1 Introduction 

The 3-D incompreesible Navier-Stokes equations can be formulated as the follows: 

/ divB=0 ' (i.i) 

\ Mf —vAu + (u- V)m + Vm=/, 

where x = {x\,X 2 ,x$) E R 3 , u = (ui(x,t),U 2 {x,t),U 3 (x,t)) are the components of the three- 
dimensional velocity field, p = p(x,t) is the pressure of the fluid at a position x, f = 
(fi(x,t),f 2 {x,t),f 3 (x,t)) are the components of a given, externally applied force, v > 0 is 
the viscosity. When v = 0, (11.11) is the 3-D incompreesible Euler equation. The Navier- 
Stokes and Euler equations usually describe the motion of a fluid in R 3 . Constructing ex¬ 
act solutions of them is very important to understand how the real fluid will flow. Lou et 
al. utilized Backhand transformation and Darboux transformation to obtain exact solutions 
for the Euler equations in the vorticity form (UEl. By using the separation method, Makino 
obtained the first radial solutions to the Euler and Navier-Stokes equations in 1993 (3j. In 
2011 and 2012, Yuen constructed many exact solutions for the Euler equations (HEl. In 
2014, Fan and Yuen obtained a class of nonlinear exact solutions with respect to x for the 
Euler Equation If6jl . 


* Corresponding author. Entail address: zhangtaocx@163.com (T. Zhang), alatanca@imu.edu.cn (A. 
Chen) . 
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The series solutions of the linear partial differential equations can be obtained by using 
the superposition principle. However, it is hardly to obtain the exact series solution for 
any nonlinear partial differential equations. The purpose of this paper is to construct the 
series solutions of some Euler and Navier-Stokes Equations. The key idea of our method 
mainly comes from the following properties of the series {e kx }^™ 0 : 

(i) Eigenvalues and eigenvectors: 4-je kx =k)e kx , j,k = 0,1,2,■ • ■. 

(ii) For any ni\,m 2 = 0,1,2,- • ■, we have e mxX e m2X = e( m i+ m v x / mi+m 2 >max{mi,m 2 }. 

This paper is organized as follows. In Section 2, we construct the finite series solution 

of some incompressible Euler and Navier-Stokes equations. In Section 3, we construct the 
former infinite series solution of some incompressible Euler equations. Moreover, by using 
an iterative method with respect to (ii) and some combinatorial identities techniques, we 
prove that the former solution is an exactly infinite series solution of the Euler Equations 
in some cases. 


2 Finite series solutions of the Euler and Navier-Stokes Equa¬ 
tions 

In this section, we construct the finite series solution of the following incompressible 
Euler and Navier-Stokes equations: 


Ujt + J2( UiU JXi ~ vu jxiXi ) + p Xj = fj(x,t), i = 1,2,3, 

i =1 

ui Xl +u 2x2 +u 3x3 =0, x=(xi,x 2 ,x 3 )e'R 3 , t>0. 


n 


n 


j(x,0) = Y2 A jkZkr fj(x,t) = Y^B jk (t)^ k/ j = 1,2,3, 


( 2 . 1 ) 

( 2 . 2 ) 

(2.3) 


k =0 


k =0 


where i/>0, A jk eR, B jk (t) <=C[0,+co), £ k =exp(k(A 1 x 1 +A 2 x 2 +k 3 X 3 )), A ; gR\{0},/=1,2,3, 

fc = 0,l,2,---,n. 

Suppose that (12.1I) - (12.3I) has a solution in the form: 


Uj(x,t)= E T ]lc (t)£ k , j= 1,2,3; 

k =0 

p(x,t) = E T 4k (t)£ k , 

k= 0 

where Tj k (t), j = 1,2,3,4, k = 0,1,• • • ,n are functions to be determined. Then we have: 
Remark 2.1. By (12.21) we have 

t E A J kT i^=t E x i kT i^k= o, 

;'=l/c=l k=lj=l 

Note that the sequence {£ k } k=1 is linearly independent, so we get 


(2.4) 


EA y ^ = 0, k=l,2,---,n. 
;'=i 
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Hence 


3 3 n n n n i 

Y2 u i u i*i = E E D A imT ik Tjm£ k+ m = E ^A,T ;fc mT, m £ fc+m = 0 , j = 1,2,3. 

i=l i=lfc=Oni=l fc=Om=li=l 

Next we seek Tj k (t), j = 1,2,3,4, fc=0,l,- • • ,n. Substituting (12.411 into (I2.1I) - (I2.3I) we get 


^jo~ ®;'o(0 + I] lyjt+ E v\?k 2 Tji c +A.jkT4i c — Bj k (t) 

k= i L i=l 

E (AiT lfc +A 2 T 2jt +A3T3 fc )ft:£ fc = 0, 

k=l 


& = 0, / = 1,2,3, 


iij{x,0)= E T jk (0)£ k = £ A jk £ k , ; = 1,2,3, 

fc=0 Jc=0 

Note that the sequence {^}^ =1 is linearly independent, so we have 

/ T- 0 — Bjo(t) = 0 , . 


Tjo(0) — Aj 0 , 


7 = 1/2,3, 


(2.5) 


( 2 . 6 ) 


Ty/t + JlvXjk 2 Tj k +\jkT ik — Bj k {t) —0, 7 —1,2,3, 

Ai Tut+A 2 T 2k + A3 T 3 /t = 0, 

Tjk(0) = Aj k , 7 = 1,2,3, 

where /c=l,- • •,«. For every k= 1,- • • ,n, the first equation in (12.611 is multiplied by Ay (j=l,2,3). 
Together with 

Ai +A 2 T' fc +A 3 T'* = 0, 

then we can induce that 

3 3 

'£A.jkT, k -'£\ j B jk (t)=0. 

7=1 7=1 

Finally we obtain 

l)o(0 = fo ® 7 ,o( s )ds + A^q, 7 = 1,2,3, 

T 40 = 1 , 


l4fc(0 : 


E?=i A jB jk (t) 

' 


k = l,2,---,n, 


Tjk(t) =ex p(M k (t))(f 0 (Bj k — AjkT 4 k )exp(—M k (s))ds + Aj k ), 7 = 1,2,3, fc = l,2,---,n, 
where 

M k {t) = Y^v(hik) 2 t- [ A;fcT, 0 (s)ds, 7c = l,2,---,n. 
itt 2 o 


3 Infinite series solution of the Euler Equations 

In this section, we consider the Cauchy problems for the following 3D incompressible 
Euler Equation: 

3 

N't + E Wi'NN + Pxy = 0/ 7 = 1/2/3/ 

i=l 

Mi*i+M 2* 2 +M3*3=0, x=(ri,r 2 ,r 3 )eR 3 + , f>0, 

Uj(x,0)= E Bjk<Pk ^ C°°(1R+), 7 = 1,2,3. 

teN 3 


(3.1) 
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where R+ = {(ri / r 2 ,r 3 ) GIR 3 1r ; -> 0, /= 1,2,3}, c p k =exp(-k 1 x 1 -k 2 X 2 -k 3 X 3 ), k=(k lr k 2 ,k 3 )e 
N 3 = { {k lr k 2 ,k 3 ) | kj = 0,1,2, •••,/ = 1,2,3}. 

There are a lot of functions can be approximated by the series {cpkjket^ 3 - Next we let 


TE(U) = \f(x)eC°°(U)\f(x)= £ A k (p k , {A k } ken3 CR,x=(x 1 ,X 2 ,x 3 )eU\ 
l ke IN 3 J 

where U C ]R 3 . Then by Stone-Weierstrass theorem |7|, we have: 

Theorem 3.1. If U C R 3 is a bounded closed set, then for any f(x) G C(U), there exists a 
sequence {f m (x)}me N E TE(U) such that 

lim sup |/ m (*)-/(*) |=0. 
xeu 


Moreover, there exists many functions can be expressed by the series {fk}kefl 3 - 

Theorem 3.2. Let f{xi,x 2 ,x 3 ) £ C°°(U), j = 1,2,3, If C]R 3 , and let g{x 3 ,x 2 ,x 3 ) = /(e - * 1 ,e - * 2 , 
e - * 3 ), then we have g(x\,x 2 ,x 3 ) G TE(U 0 ), U 0 = {(x 1 ,x 2 ,x 3 ) \ (e - *V - * 2 ,e - * 3 ) G U}. 

For example: 

Example 3.3. 


sine - * 1 cose - * 2 ±f? ±2? ±f? 


1 —e - *3 


-t-CXJ -|-OU 

E E E €te(r 2 »(o,+~)). 


k \ —1&2—O/C3—0 


Next we seek the following formal series solution of (13.1b : 


Uj(x,t)= E T jk (t)<p k , j = 1,2,3; 
ke N 3 

p(x,t)= E T 4k (t)cp k , 

ke IN 3 


(3.2) 


where Tj k (t), j = 1,2,3,4, k GN 3 are functions to be determined. Then substituting d3.2D into 
(13.11) we get 


^m,[0,0,0) + p 

y k> (0,0,0) 


T' nk E E k^Tj k {i}T m k{2] k m T ik 
j=im+m=k 


n= o, m = 1,2,3, 


— E {kiT lk +k 2 T 2k +k 3 T 3k )cp k — 0, 
ke IN 3 

Uj(x, 0)= E Bjk<Pk = E Tj k (0)<p k , j = 1,2,3. 


A: 6 IN 3 


JceN 3 
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Clearly {Tjk(t) |/ = 1,2,3,4, A:eN 3 } should satisfy: 


Uj— E Bjk(t)(pk £C(1R+©[0,+o°)), j — 1,2,3, 

fceN 3 

(3.3) 

p= E i4*c(i)^^c(iR+©[0/+ 00 ))/ 

fceN 3 

(3.4) 

W;t= E Tjkityfk CC(R+©[0,+°o)), ; = 1,2,3, 

A:eN 3 

(3.5) 

Uj Xi = E -fci' r ;fc(f)ffceC(R^®[0,+oo)), I,; = 1,2,3, 

fceN 3 

(3.6) 

Px,= E - fc / T 4 Jfc(f)<pfceC(R+®[ 0 ,+oo)), ; = 1,2,3, 

JreN 3 

(3.7) 

UiUj x .= E Vijkfk S C(1R^® [0,+oo)), I,; = 1,2,3, 

(3.8) 


fceN 3 


where 


riijk = E - fc f ] ?>' ^ [ml = (4" ,] 4 M] 4 m] ) G N3 ' m = W = 1/2,3. 

fc[i]+jtPl=jt 


Note that the sequence {<pic}/tg]N 3 linearly independent, so we have: 


and 


t ' — n 

1 j,( 0,0,0) _U ' 

Tj,(0,0,0) ( 0 ) = Bj,(o,o,o)' 


j = 1,2,3, 


(3-9) 




T'ik - E kjTj (0,0,0) T ik - E E fcf' 7}fc[i] Tffcp] 

;=1 ;=i jfc[i] +fc [2] =fc , ; ' 

i PUP! >(0,0,0) 

kiT lk +k 2 T 2 k + k 3 T 3 k = 0, 

Tj k (0) = Bjk, j = 1,2,3, 


— kiTi jc —0, 


i = 1,2,3, 


(3.10) 


where k > (0,0,0). For every k > (0,0,0), the first equation in (13.101) is multiplied by kj 
(i=1,2,3). Together with 


kiT[k J >~k2T2i ( -\-k 3 T^ k — 0, k> (0,0,0), 


then we can induce that 

3 3 3 

X>E E fc f lT ;C] T ^] +T ^E^ =0 ' fc >(°/°/°)- 

X=1 ;=1 fc[i]+jfc[2] =fc , i=l 

fcP],fcP] >(0,0,0) 

(where k^\k^ < k) It follows that 

E E k ? ] kf%mTikm+TuL^=°' k>(0,0,0). 

i,j= 1 jfcC»]+jtP]=jt, i=l 

fc[ 1 ],fcP]>(0,0,0) 


Finally we use an simple iterative method to get T^(f), j = 1,2,3,4, k € IN 3 by the following 
order: 
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(i) We can get the Ty ( 0 00 ) (t), j = 1,2,3 by solving (13.911 . Moreover, we let T 4 ( 0 0 = 1. 

(ii) Base on (i), we solve (13.1011 when \k\ = 1, then we can get Tj k (t), \k\ = l, j = 1,2,3,4. 

(iii) Base on (i) and (ii), we solve (13.101) when \k\ =2, then we can get Tj k (t), \k\ =2, 
j = 1,2,3 A. 

Where \k\ = k\ +^ 2 +^ 3 . By repeating this process, we can get: 


Tj,(o,o,o) (0 — ^',( 0 , 0 , 0 )/ j — 1/2,3, 

l4,(0,0,0) = 1/ 


T*k(t) : 


■-M fc[i]+ fc [2] =fc , SiaHxoao)^ k ' T ’ k[1]Tikl2] 

2=1 


k> (0,0,0), 


Tj k (t) = exp(—P k (t)) (fg Qj k (s)exp(P k (s))ds + Bj k 'j, j = 1,2,3, k> (0,0,0), 


where 


Qik— E E 

7=1 JfcP]+fcM=Jfc # kW,kl 2 ]>(0,0,0) 

Pk(t)= E —Bj,(p,o,o)kjt- 

;=1 


fcj ^ lyjtME'fcPl z —1,2,3, 


Clearly we have: 

Theorem 3.4. If the series (13.21 1 we obtain satisfies d3.3b - J3.8b . then it is a solution of (13.Hl . 


Next we prove that the series (13.21) we obtain satisfies J3.3b - d3.8b in some cases. First we 
give some Lemmas. 

Lemma 3.5. (Abel identities ®) For any n = 1,2, • • ■, we have 

(i) E k u"l k Tj (x+k) k - 1 (y+n-k) n - k =x~ 1 (x+y+n) n , 

k =0 ' v h 

(ii) E k un2 kv (x+k) k ~ 1 (y+n-k) n - k - 1 = (x~ 1 +y- 1 )(x+y+n) n - 1 . 

k =0 A h 

Corollary 3.6. For any k = 1,2,- • ■, we have 

(i) E Jgp' m m (k+l-rn) k - m = k(k+l) k , 

m=1 y ' 


(ii) E % l m m - 1 (k+l-rn) k - m = 2k(k+l) k - 1 <2(k+l) k . 

m=l K 

Proof By Lemma 13.51 (i) we can induce that 


W 1 (fc+1)! 
~ Q ml(k+l — m)\ 


(x+m) 


y (fc+1)! 

m\(k+l — m)\ 


(x + m) 


=x~ 1 (x+y+k+l) k+1 


m —1 


m — 1 


(y+k+l-m) k+1 ~ m 
(y+k+\ — m) k+l ~ m 


+x~\y+k+ l) k+1 


(x+k+l) k 















Then we have 

T, m! (l:+ + 1 1 -m)! ^ + ” ) ”~ 1 (y +t+1 - m)t+1 ~ , " + ( ^ +fe+1 ) t 

^+1 ( J-_|_ 1 ^ | 

= (t + l)(y + l+ l)t + ^_^_i_^-l( y + )r+ l ) * + 1 -™. 


Let x=y=0, we get 




“ x m!(/c+l — m)! 

Similarly, we can get (ii). 

Corollary 3.7. For any kj = 1,2, •••,/ —1/2,3, we have 

^ m ” ,_1 (fcy +1 - mj) k r m i n ( fc . + i)*y 


E ^E P P.E.-P <^U- 


1 <nii<ki, i= 1,2,3 ;=1 H7 1 

Lemma 3.8. If £>^( 0 , 0 , 0 ) — — 2, / = 1,2,3, e > 0, and if 

g—|/c|(l+e) 




k*/- 1 

in3 n r.i ; 

u j=l,2 r 3,kj>0 J- 


k> ( 0 , 0 , 0 ), y= 1 , 2 , 3 . 


Then we have 


P 1 


1 «C ^ / i \ 

|^(f)| <— n -^ r exp(--J\(0 —|fc|(l+e) , k> (0,0,0), i = 1,2,3. (3.11) 

iUU /=l, 2 , 3 , )c y >0 K j‘ \ Z / 

Proof We prove (13.11b by the induction method. By a simple calculate we can induce that 
(13.1111 holds when \k\ = 1,2. Suppose that it holds for any \k\ < n (n > 2), then by Corollary 
13.61 and l3Tl for any k = (k] ,^,£ 3 ) > (1,1,1), \k\ = n(without loss of generality we suppose 
that k\ > k 2 ,k^), we have 


l^(f)|< 


3 

E E 

w,;=l fcM+fcPl-Jt, fcl 1 ],fc[ 2 ]> (0,0,0) 


[%[ 2 ] 
; 


/V m A. 


T: 


jkl 1 ] 


I I 


E kl 

m —1 


o , 

- TtP ^ 


60 


3 /fz ’” 7 1 (kj — nij) k i m i 1 1 

fl 2737T: ,,,.n - ex P(-T P *W-|fc|(l+0) 


( 0 , 0 , 0 )<(mi,m 2 ,m 3 ) <fc ;=1 m / ‘ 111 1 )' 


3 P 


n^r ex p(-T Pfc ( i )~l /c l( 1+e ))' 
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I Qjk (s) | < E E k f IV1 ( S )H ( s )l + *7'l ^ (S) I 

;=1 fcW+fcP]=fc, kN,kW> (0,0,0) 


90*1 


3 k lrl 


-JorIl J kr ex P\2 Pk ^-^ 1+ ^)' 7 = 1/2 ' 3/ 

|T /fc (f)|<exp(-P fc (f)) (V IQ/Jfc (s) |exp(P fc (s))ds +1B /fc | 

3 k krl 

~W^ J ^ exp {~\ Pk ^~^ 1+eS> ')' i= 1 ' 2 ' 3 - 

In a similar way, we can prove that (13.111) holds for any k = (*i,* 2 ,* 3 ) £ IN 3 with k\ = 0 or 
*2 = 0 or *3 = 0 . 

Theorem 3.9. If B ;/ (o,o,o) < —2, j = 1,2,3, e > 0, and if 

g—|/c|(l+e) 


I Bp I 


< 


fc'W 1 

IB 3 j=iJ&kj>o k r 


, k> (0,0,0), ; = 1,2,3. 


Then there exists a series solution of (13.11) satisfying (13.31) - (13.81) . 

Proof We only need to prove that the series (13.21) we obtain satisfies (13.31) - (13.81) . Note that 


tty <e n , m,n = 1,2, - • so we have 


f \ T ik(t)(pk\<m ex P(~i p k( t )-\ k \ £ ) <Pk<m e We ' *>(o,o,o), i= 1,2,3, 

\ |T 4fc (t)^-|<^exp(-iPj L -(f)-|/:|e)<p fc <^e“l ,: l e , *>(0,0,0). 

Hence the series (13.21) converges absolutely on IR 3 ®[0,+oo). It means that the series (13.2D 
continuous on R+ © [0,+oo). Furthermore, we can prove that 


\T' k <Pk\ = 


E E fc fV] T ftN + * iT4 * 

7=1 JtW -t-fcPl =fc 


l<Pfc| 


< 


< 


E B 7 i( 0 , 0 , 0 )*; 

7=1 

3 

E B y, ( 0 , 0 , 0 ) *y 
7=1 


Tifcl + lQifcl ] <Pk 
90\k\ 
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'j exp^-^P fc (f)-|*|e) <p fc , i = 1,2,3, *>(0,0,0), 


l*;'B 4fc (p fc |<^^exp(-^P fc (f)-|*|e)^, / = 1,2,3, *>(0,0,0), 

kyfcnl<^r ex P( _ 5 p fc( i ) _ l fc l e )n' z,y=1,2,3, *>(0,0,0). 


Similarly, we can induce that the series (I3.2D we obtain satisfies ( I3.5D - (I3.8D . Therefore it is a 
solution of (13.1b by Theorem [TU 
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